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Abstract — When ignorance due to the lack of knowledges the accurate propagation of either one of them are two
modeled as epistemic uncertainty using Dempster-Shadbiallenges in creating a method to propagate both epistemic
structures on closed intervals, is present in the model pand aleatory uncertainty.

rameters, a new uncertainty propagation method is necesinding only the response of a stochastic dynamic sys-
sary to propagate both aleatory and epistemic uncertainfm with no uncertainty in the parameters, is a very ac-
The new framework proposed here, combines both epistefje area of research. The problem in this case is to solve
and aleatory uncertainty into a second-order uncertainty the evolution of the probability density function (pgf)
representation which is propagated through a dynamic syst; ), corresponding to the stateof the dynamic system.
tem driVen by Wh|te nOise. Fil‘St, a f|n|te parametrizatiOIThe evolution of the pdf is governed by the Fokker-Planck-
is chosen to model the aleatory uncertainty by choosifgmogorov (FPK) equation with analytical solution known
a representative approximation to the probability densityn|y for stationary pdfs of a limited class of dynamic sys-
function conditioned on epistemic variables. The epistemims [7, 18]. Different approximate methods exists in the
uncertainty is then propagated through the moment evolterature to represent the pdf with a finite number of pa-
tion equations of the conditional probability density funcrameters such as finite-difference techniques, Monte Carlo

tion. This way we are able to model the ignorance when thgethods, Gaussian Mixtures models [20] and Gaussian clo-
knowledge about the system is incomplete. The output of §ige methods.

system is a Dempster-Shafer structure on sets of cumulativ
distributions which can be combined using different rules %
combination and eventually transformed into a singleton ¢
mulative distribution function using Smets’ pignisticrisa
formation when decision making is needed.

Shese methods provide approximations to the pdf when
e prior pdf is precisely known, the process noise is per-
|fbctly characterized and the parameters in the model are ex-
actly known. This is also known as tiBayesian dogma of
precision[22], however, in practice, these precise values are
Keywords: Uncertainty Propagation, Epistemic Uncerdifficult to obtain due to the amount of information avail-
tainty, Aleatory Uncertainty, Dempster-Shafer, Momer&ble, incomplete knowledge of the system or systematic un-

Evolution, Pignistic Transformation, Ignorance derestimation of uncertainty which arises in the elicitati
) process. This becomes of great importance when doing haz-
1 Introduction ard risk assessment and decision making.

The paper presents a novel framework to characterize thd he framework proposed here, propagates both epistemic
response of stochastic dynamic systems with model para#id aleatory uncertainty through a dynamic system driven
eters governed by epistemic uncertainty. We distinguish 4& White noise using a two-level hierarchical model. On
tweenaleatory uncertaintwvhich arises due to the stochasthe first level we model the aleatory uncertainty by choos-
tic behavior of the system arepistemic uncertaintwhich ing & representative approximation for the pdf with a finite
is used to model the ignorance in the model parameters.ngmber of parameters. In this paper we model the pdf con-
this last case we do not know if the parameter in discussigfiioned on epistemic variables as a Gaussian distribution
is random or not, and if it is random what is its underlying On the second level is the epistemic uncertainty that we
probability distribution [16]. have in the moments of the stochastic solution, in this case

Ferson and Ginzburg [5] argues that when dealirtge first two moments. The epistemic uncertainty is modeled
with propagating uncertainty through mathematical modh this work using finite Dempster-Shafer structures where
els, different calculation methods are required to propagahe focal elements are closed intervals. The closed interva
aleatory and epistemic uncertainty. However, the segregae propagated through the moment evolution equations us-
tion of both types of uncertainty during propagation, ad wehg a recent proposed method based on Polynomial Chaos



- Bernstein Form [21]. Thus the framework provides theheree, = e(0) = [eg,ep(0)] andp(t, z|ey) is obtained
means to propagate both epistemic and aleatory uncertaintgeneral by solving the FPK equation.

separately [5] as well as combine them when a decision hassiven the uncertain model parameters, we are interested
to be made. in solving the following three problems:

After the propagation we obtain finite Dempster-Shafer
structures, only this time the focal elements are sets of dis
tributions represented by probability boxes [6]. The struc
tures obtained characterize the uncertainty in the queottit
interest, namely the cumulative distribution functionffcd
of the response of the system, and they be used with classic

decision theory by using the pignistic transformation [19] 2. Construct a cumulative density function using the pig-
whenever a decision is required. nistic transformation in order to use the expected utility
In Section 2 the problem to be solved is defined, followed  theory for decision making.

by a background of Demspter-Shafer structures on closed o )

intervals and decision making under ignorance in Section ! N€ last problem represents a secondary objective and is

3. The approximate uncertainty propagation framework iacluded here in order to present the practicality of the ap-

developed in Section 4 with resolutions for the two poséfoach.

problems. In Section 5 a proof of concept example is pre;

sented and the conclusions and future work are discusse(%in BaCkg round

Section 6. A DS-structure on closed intervals is a collection of
interval-valued focal elements and their associated basic

2  Problem Statement probability assignments [6]. We write the uncertainty of
the epistemic variable is represented by the following DS-

Consider the following first order model with stochasstructure as:

tic forcing and uncertain initial condition modeled using a

1. The main objective is to find the induced Dempster-
Shafer structure about the response of the system,
m[P(X < xs|lep)]. Hence, we are looking to deter-
mine the focal elements of the response as well as their
corresponding probability masses.

Gaussian pdf: e~ { (2, T],p1) (29, T2),p2) o ([2, Fnlion) b (4)
i(t) + f(z,ot) = T(t) (1) _ Given two nondecreasing fu_nctiorﬁ and I, where
: <
plto,z0) = N(wo; o, 02) %) FF:R — [0,1]] andF(z) < F(x) for all z € R, we

can represent the imprecision in the cumulative distrduti
The Gaussian white noise procé¥s) has the autocorre- Lunctl;n%f(x)f:” P()_(FS xl ;y thi %mba%'l'ty box (p-
lation functionE[['(t)T'(7)] = ¢?6(t — 7), andc is a vector 0x) [, ] as follows:F(z) < F(z) < F(x) [ I .
A Dempster-Shafer structure on closed intervals can in-
of n parameters. ) ) ; . .
duce a unique p-box, while the inverse is not uniquely deter-

The variables of the mode_l can b_e segregated in tv}lr%ned. Many Dempster-Shafer structures exist for the same
sets: the set ofaleatory variablesgiven by a(t) =

. . : . p-box. Given the following body of evidence, Eq.(4), the
{w(t),T(1)} and the set of independeepistemic vari cumulative belief function (CBF) and the cumulative plau-

ables given by e(t) = J[es,ep(t)], where ep(t) - : : .

{m1(t), ma(t)...mg(t)} is a time-variant vector of epis- sibility function (CPF) are defined by:

temic moments used to characterize the probability distrib CBF(2) = F(x) — } 5
tion of the responsey(t, z|lep), andes = [, ¢?] is a time- (v) = E(z) Tz;zpl ®)
invariant vector of epistemic variables. Given the initiah- o -

dition, the first two moments are given by, (0) = 10 and CPF(z)=TF(x) =Y p; (6)
mg(O) = 08 + /Lg. z; <z

If a part of the model parameters, are characterized -b.y Thus the cumulative distribution function is bounded as
aleatory uncertainty then they can be treated as additio

state variables and they can be augmented to the aleatory

vectora(t). The evidence about the model parameters in CBF(z) < P(X <) < CPF(x) (7)

e(t) is modeled here using Dempster-Shafer structures on

closed intervals and the uncertainty of the aleatory véegmb In order to compute expectations using the interval-based

in a(t) is quantified by probability distributions. belief functions, one needs to build a probability density
When the model parameters are known, the responsediction given the belief structure. Based on Smets’ pig-

the system is characterized only by aleatory uncertairfijstic transformation one can define the pignistic proliigbil

which is represented here by the cumulative distributigtensity functiorps.:(z) [17] as a finite mixture of continu-

function, ous uniform distributions:
s E Di _
P(X < zfleg) = / p(t, z|eg)dx (3) PBet(x) = Z} 7 %I (2, [z;, Ti]) (8)



where the indicator functiof(z, [z;, T;]) is given by: the final form for the evolution of the moments conditioned
on the epistemic variables, is given by
_ 1, forx e |z;,7)
I(x, |z, 7)) = ’ = n
( [ 4 1]) { 0, otherwise mk|eO — _kz Oéimi+k—1|eo + %k}(k} _ 1)q2mk72|e0 ) (13)

i=1

Using the above defined pignistic probability density ]
functionp ., () one can compute the expectations neededOPServe, thatin Eq.(13) the lower order moments depend
in the decision making process. Example the expected vafjethe higher order moments, thus we have an infinite hier-

of  given the pignistic probability density function si giverf"chy of moment equations. To truncate the infinite chain,
by: one can use moment closure schemes which assume a spe-

cific class of probability distributions to express higheder
n moments in terms of lower order ones.
Zpi (z; +7i) (9) In this paper we are using the Gaussian closure method,
i=1 hence we are interested in propagating only the first two mo-

The pignistic transformation constructs a singleton p ?2?2”;12T‘end)m?l_’ouenxdperrez;etﬁgﬁgnrﬁgﬁ?stgfﬁtr’gg?%ﬁ
- . s My D)
gr_1d makes thg expected utlity theory _apphcable, _howevt 'ms of the lower order moments one can use the following
it ignores the ignorance [9]. One possible way to iNcorpea|ation [1]:
rate the ignorance into the decision process is to construct
a scalar measures which quantifies the total amount of ig- k = weil k b
o . : . = E((X- =) (—1 ; 14
norance and take a decision only if the level of ignorance is 1k <( 2 ) Z( ) mip " (14)

relatively low. Define the normalized integral of the degree
of ignorance: wheremo = 1, p = my, 02 = ma — m$, and the central

moments of the Gaussian distribution are given by

N | =

“+o00
Epa(X) = / rppet(z)dr =

— 00

‘ )
=0

1

NIDI = / (CPF(z) — CBF(x)ldz  (10) B (K - ) — Pkl s even
U 0, kis odd
wherez = minlgign x; andz = maxi<i<n Tj- The

; . . After using the Gaussian closure, the time-variant vec-
NIDI is ascalar measure with values ranging betaeén tor of epistemic variables is given only by the first two mo-

and 1.0 and it summarizes the confidence in the pignis%ents ep(t) = [mi(t),ma(t)]”, and the system of ODEs

pdf. A value equal with .0 denotes that we are dealing With(13) is transformed into the following system:
interval uncertainty where we only know the bounds of the

variable, and a value closed @) means that we know the ép = g(ep;es) (15)

pdf of 2 precisely. Thus, one can be more confident in ap- ep(0) ~ { ([ep:(0),€p1(0)], pp1) ,

plying the expected utility theory if the amount of ignoranc ([eps(0),8p2(0)], pp2) , ... }

if Iovy (eq. less thard.1) and_can try_ to defer the (_JIeC|S|on es ~ { (les1,8s1],ps1) » (€92, 8s52),ps52) > - }

making and gather more evidence if the level of ignorance

is not tolerable. Under the Gaussian closure assumptipfy, x|eg) =
p(t,z|ep) whereep, is obtain givere, and the Eq. (15).

4 Proposed Approach We are interested in finding the induced Dempster-Shafer

41 Ti Ut f t structure inep(t) at timet¢ > 0. Given the knowledge
: Ime evolution ot moments _ about elements afy as independent DS structures on closed
In order to keep both types of uncertainty segregated disitervals, we need to find the belief structure associated

ing propagation, one can use the moment evolution eqygth e, (¢). The DS-structure describing the uncertainty for
tions associated with Eq.(1), which is a set of ordinary dlg—D(t) can be obtained using Yager's convolution rule for

ferential equations (ODE) governed only by epistemic unsa’ : ; .
certainty. Thus, after the applying the 't lemma to Eq.(1) Bs-structures under the assumption of independence [24]:

[11], the time evolution of the moments conditioned on th Y — ‘ ‘
epistemic variables is given by nlen(t))(Cij) Y. mlen(0)](Ai)mles](B;)

ép=g(ep,es)

en A, PDi Psj
dE[wcgf)|e()] = —Elpz(2) f(z, v, t)|eo] + %E[q2<ﬂw(€v)|60] (1) eioe)gj
(16)
wherep(z) = z*. whereC;; = [ep;;(t),€pi;(t)], Ai = [ep;(0),€p:(0)] and

The nonlinearity of the model is assumed to be polyn®; = les;,€s;]. Here the only unknown is the collection
mial, however the general case can be handled using nunugifocal elementsC;; of ep(t) .
ical integration schemes such as Gaussian quadrature, Thu$hus the problem of finding the mapping of a body of ev-
when the nonlinearity in the model is polynomial, idence on closed intervals is reduced to interval propagati
N [12]. This problem can be solved using the advanced tech-
flr,ant) = Zaixi ’ (12) nigues developed in the interval analysis field [_10]. How-
= ever, due to the dependence problem the obtained bounds



are conservative which is detrimental to the belief struestu wheree?, (0) andeg is thei-th component 0ép (0) and the
since the evidence is assigned automatically to other ejeth component oég respectively.

ments which are not in the body of evidence. This problemWe expand both the uncertain arguments and the response
becomes more acute when the uncertainty has to be propiathe system using the finite dimensional Wiener-Askey
gated over a period of time. polynomial chaos [23]:

The dependence problem in interval arithmetics can be
avoided by using Taylor models and the remainder differen-
tial algebra for bounding the range of the response of ordi- €s
nary differential equations under both initial value andgpa
metric interval uncertainty [15, 2, 13]. In Ref.[4] are pre- &
sented several examples in propagating uncertainties-repr D
sented by probability boxes using Taylor model methods and
interval arithmetics. Also an excellent review on interval Herer is the number of uncertain input variables and is
methods for initial value problems is presented in Ref.[14qual with the sum of the size of the vectgs(0) andeg,

A method based on polynomial chaos and the Bernsteindp is the order of the polynomial expansion. The basis
form is presented in Ref.[21] to propagate DS-structures #mnctiony; is thej-th degree Legendre polynomial agid
closed intervals through nonlinear functions. Given a funts a multidimensional Legendre polynomial and the poly-
tion of random variables with compact support probabilitgomial coefficients are initialize such that they matchrthei
distributions, the intuition is to quantify the uncertairin  initial uniform assumption.
the response using polynomial chaos expansion and discartVe are interested in finding the polynomial coefficients
all the information provided about the randomness of th4,; of the response aftersec. Substituting Egs.(18)-(19) in
output and extract only the bounds of its compact suppolg.(17) and using the Galerkin projection and the orthogo-
To solve for the bounding range of polynomials, we haweality property of the polynomials one obtains a system of
proposed to transform the polynomial chaos expansion intbdeterministic differential equations which can be solved
the Bernstein form, and use the range enclosure propertypimerically to obtain the PC expansion coefficients of the
Bernstein polynomials to find the minimum and maximurk-th moment.
value of the response [3].

1
- els1j(&) where & ~U(—1,1) (18)

3

(=)

NS

= (r +p)!

rip!

ek abi(€) where P = (19)

3

Il
=)

%

g < Gk, Yk >

The PCE is mathematically attractive due to the func- €pi = Tyl > (20)
tional representations of the stochastic variables. kissps k
the deterministic part in the polynomial coefficients anel thwhere< ., . > represents the inner product operator and

stochastic part in the orthogonal polynomial basis. This bean be evaluated in general using sampling or quadrature
comes particularly useful in characterizing the uncetyaintechniques. In this particular case since the nonlineariy

of the response of a dynamical system represented by optdynomial type, the inner product between different Legen
nary differential equations with uncertain parameterdsudre basis functions can be computegriori, speeding this

as in Eq.(15). The result is a set of deterministic differemvay the numerical integration of the ODE.

tial equations which can be solved numerically to obtain the After ¢ sec, by integrating Eq.(20), on obtains the poly-

evolution of the polynomial coefficients. nomial coefficients which define the stochastic response of
] . the system. However, we are only interested in finding the
4.2 Interval Uncertainty propagation pounds that enclose the response of the system. In Ref.[21]
through ODEs using PCE and the itisshownthatby bringing the polynomial chaos expansion,
Bernstein Form Eq.(19), to a Bernstein form using the Garloff’s method [8],

. - . I one can efficiently find the range of the compact support
G"’e‘f‘ Fhe |n|t|al_\_/alue problem in Eq.(16) with Ir'terval'thanks to the enclosing property of Bernstein polynomials.
valued initial condition and parameters,

4.3 DS structures on Probability Sets

-k
= 17 .
°D 9x(ep,es) _ (47 By propagating the DS structures through the moment
ep(0) € [_A’ ] evolution equations we obtain, at tinte an induced DS
es € [B,B] structure for the moments that characterize the probgbilit

distribution of the response. Since in this paper we have cho
our goal is to approximate the range of the state variatjles sen to approximate the conditional pdf of the response using
at timet, wherec}, is thek-th component oép (). Here, Gaussian density functions, we are only interested in the DS
intervals of general type have been used in order to resegyRictures for the first two central moments: the mean,
the indexes for later use. and the variancer?. Thus, using Eq.(16) the following DS

The problem can be transformed into finding the stochagructure is obtained for the first two moments:

tic response under the assumption that both the initial con-
dition and the model parameters are uniformly distributed. ~ ep(t) ~ { (lep1(t),ep1(t)], pp1)

Thus we define’, (0) ~ U(A", A") andel, ~ U(B, B’), (leps(t),€pa(t)],pp2) s ... } (21)



For each focal element we obtain a pair of two intervafellowing subsection presents how the pignistic transirm
that bound the range of the mean and the variance of a Gaisa can be used whenever decision making is needed.

sian density function. . . .
Consider now the following Gaussian density funcd-4 Constructing a singleton CDF and Deci-

tion, N(z; u,0%), with uncertain parameters; and o2, sion Making using DS structures on Prob-
given by two intervals: [p, 7i] and [02,02]. Let us de- ability Sets

note the cumulative distribution functiol (z; 1, 0?) = In order to compute expectations using the interval-based
S N (@5 p,0%)dz. In Ref.[25] it is shown that all the pejief functions, one needs to build a probability density
normal cdfs are bounded by two functiondi(zs) < function given the belief structure. Based on Smets’ pig-
N(xy; pu,0%) < N(xy), that can be computed analytically. nistic transformation one can define the pignistic proliigbil
density functiorps.(x) [17] as a finite mixture of contin-

. 2
N(zy) = { x(xffﬂ’ 022) i (22) uous uniform distributions. Thus, given the DS structure in
(@53 1, U_) TS E Eq.(23), we can construct a singleton cdf using the pignisti
~ _ | N(zpimo?) xp > [ transformation as shown in Eq.24.
N(zys) = — 2 —
N(zg;m,o?) xp <H
Using the above envelope property and the DS structurePpe:(X < zy) = FEpet (P(X < xfleo)> (24)
in Eq.(21), we obtain the following induced DS structure for
the response of the system, 1 & —
P Y = 3 > (ﬂi(xf) + Ni(xf))PDi
— =1
Px<afe) ~ () Fiel). @3

Here,np is the total number of focal elements in the body
(Vo (25), No(2s)], pp2) } of evidence Eq.(23). Notice that this is different from the
law of total probability where a probability density furai

Thus, we are modeling a system with second order uncis-constructed for the epistemic variables eithgror ep.

tainty and our credal set is defined as a DS structure oV@rboth cases the pignistic transformation is applied much

p-boxes. Having a structure like this makes the problem @#rlier in computing the quantity of interest.

decision making difficult, since we are dealing with many Furthermore one can construct gmorance functiorby

envelopes of cdfs instead of a singleton cdf or just an iraPplying Eq.(10) for each . This associates a point-wise

precise probability represented using a p-box. However, tieasure of confidence in constructing the pignistic cdf.

"N (zy)
[gF(:Ef) = / |:CPFP(X§1f\eg)(Z) - CBFP(XSZf\eO)(Z) dz (25)
N(xzys)
where N(zy) = | Jnin N,(xy) and N(zy) = | Dnax Ni(zy)

CPFp(x<ale)(2) = > ppi

Ni(wyp)<z

CBFp(x<u;ley) (?) = Z pDi
Ni(zs)<z

Similar to Eq.(10), we can construct a scalar measurev@ are dealing with interval uncertainty and a value) of
summarize the total amount of ignorance by integrating tineeans that we now the cdf precisely.
above ignorance function,

NIigF = ; /Imax IgF(a?f)da?f ) (26) 5 Numel’ica| SimUIation

Tmax — Lmin

Fmin Consider the following linear dynamic system driven by
Given the pignistic cdfz,,;, andz,., are thepth and Gaussian white noise:

(100 — p)th percentiles respectively (eg. = 0.05). The

NTigF is a number betweed.0 and1.0 and can be used t+ar = Tyi(t) (27)

similarly asNIDI, in Section 3, to make decisions using p(to, o) N(x9;1.1,2.42) (28)

the pignistic cdf in Eq. (24), if it's value is small (eq. less

than0.1) otherwise defer the decision if it is permitted an@dvhere the autocorrelation function of the noise is

gather more evidence. Again, a valuelof denotes that E[I'1(¢t)['1(7)] = ¢36(t — 7), and bothay, ¢; are epistemic



variable, described by the following body of evidence: The DS structure over p-boxes is obtained by using the
envelope property in Eq.(22). The focal elements and their
N bpa forP(t = 2,Y < yla1,q) are presented in Fig.1b.
“ { ([0.86,0.9],0.2) , ([0.89,0.96], 0.8) } (29) From this structure it is easy to obtain the DS structure for
P(t =2,Y < —0.5]a1,q1) as itis shown in Fig.1c. Now,
Qo {([02703]706) : ([0-3704]70-4)} (30)  using the pignistic pdf foP(t = 2,Y < —0.5|ay, q1) one
can construct an estimate for the quantity of interest using
We are interested in finding the quantity of inter¢t = Eq._(24) as well as provide a measure of confidence for this
2,Y < —0.5) as well as construct the entire cdf(t = estimate:

2,Y <y), aftert = 2 sec. - _  Ppa(t=2Y <—05)=1.07% with NIDI =156% (33)
Here, the exact conditional probability density functien i

Gaussian, Eq.(24) can be used to construct a singleton cdfyftm
) take an action using the expected utility theory. Also using
p(t,zlar, ¢1) = N(2; u(t), 0% (t)]a1, q1) (31) Eq.(25) we can obtain an ignorance function to indicate the

o o N oint-wise confidence in the constructed cdf as well as pro-
because the model is linear and the initial condition and tgﬁ:ie a scalar measure of trust, Eq.(26), in using this cdf in
process noise are normally distributed. decision making. Both the constructed cdf and the ignorance

Thus, we are interested in finding the induced DS strugnction are presented in Fig.1f.
The time evolution of moments through which the epistemige ysed to obtain the total probability gfunder the as-

uncertainty is propagated is given by: sumption that the epistemic variables vary randomly. Us-
) ing Laplace’s Principle of Insufficient Reasoning and we can
my = oy (32) transform the epistemic variables andg; into the aleatory
e = —2aims+qi variablesa] andg;. For this, we use the pignistic transfor-
m1(0) =11 and my(0) = 2.42 mation to find the following pignistic pdfs:
Using the PCE - Bernstein form described in Section PBet(ai) = 0.2U(0.86,0.9) + 0.84(0.890.96) (34)
4.2 to propagate interval uncertainties through the ODE in  ppe:(q7) = 0.64(0.2,0.3) + 0.42/(0.3,0.4)

Eq.(32), and solving for the central moments we find the DS With this transformation the uncertainty in the model in
structure foru, ando? aftert = 2 sec, shown here in TableEq.(27) is represented solely by probabilities. Thus ai est
1 and graphically represented in Fig.1a. mate for the quantity of interest is calculated as in Eq.35.

Pruc(t=2,Y <-0.5)

/ P(t=2,Y < —0.5/a}, ¢} )pser(a})pse(q])dajdg; (35)
JV

—0.5
/ |: N(I1M7U2|ai7q{)dm pBet(ai)pBet(q{)daiqu
i —

oo

0.85%

In Fig.1le it is plotted the histogram foP(Y < our lack of knowledge about the model parameters. The
—0.5|a3, ¢7) given1 million samples drawn from the pdfsthreshold that indicates if the estimate can be trusted can
in Eg.(34). Also the empirical cdf faP(Y < —0.5|a},¢;) only depend on the magnitude of the consequences is the
is shown in Fig.1d and the total cumulative probability for state of the system drops belovd.5.

is presented in Fig.1f. The two cdf fory in Fig.1f are slightly different, however

The probabilistic estimate for the quantity of interest diffor the cdf constructed using the present method we also in-
fers from the one given by the present approach due to ttlade an ignorance function as a point-wise measure of con-
assumption that the model parameters vary randomly. Sirfiteence and a numbeN IigF', which similar with NI DI.
we have used the pignistic transformation to obtain a pdf fetere, while the probabilistic approach offers no otherralte
the model parameters and then propagate this pdf throuwtive just to use the expected utility theory to take aroacti
the dynamic system, the concentration in the probabilipur approach through the use of the ignorance function and
mass seen in Fig.1le cannot be explained given the evidette®NV Iig F' measure can postpone the decision making if the
we have started with. This argumentis nicely explained forsanount of ignorance is high. The use of ignorance function
simple example by Ferson in Ref.[5]. More overtNé DI and NIigF remains to be studied in the decision making
measure indicates how much can we trust our estimate giygoblem, and is not the purpose of the current paper.



Table 1: The induced DS structure fo, 0%}

ma, ([0.86,0.9]) = 0.2

ma, ([0.89,0.96]) = 0.8

mq, ([0.2,0.3]) = 0.6 My 02} [0.182,0.197], [0.055,0.090] | = 0.12 My, 02} [0.161, 0.186], [0.047,0.084] | = 0.48
mg, ([0.3,0.4]) = 0.4 My 02} [0.182,0.197],[0.082,0.129] | = 0.08 Myp,02} [0.161, 0.186], [0.076,0.122] | = 0.32
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